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Abstract. We determine the Chow rings of the complex algebraic groups of the exceptional type 
E5, E7, and Eg, giving the explicit generators represented by the pull-back images of Schubert 
varieties of the corresponding flag varieties. This is a continuation of the work of R. Marlin on 
the computation of the Chow rings of SO„, Spin,,, G2, and F4. Our method is based on Schubert 
calculus of the corresponding flag varieties, which has its own interest. 



1. Introduction 



The problem of computing the Chow rings of complex algebraic groups dates back to the 
paper by Grothendieck [|T3ll . where he showed the Chow rings of SL„ and Sp2„ are trivial. Later 
R. Marlin computed the Chow rings of S0„, Spin,,, G2, and F4 ( [|T6ll . IfTTII ). The purpose of the 
present article is to give the explicit descriptions of the Chow rings for the remaining cases of 
H ; Eg, E7, and eE 

Let G be a simply-connected simple algebraic group over the field of complex numbers C, B a 
^ ■ fixed Borel subgroup of G, and H a maximal (algebraic) torus contained in B. The homogeneous 
. space G/B is known to be a projective variety, called the flag variety. The well-known basis 
theorem [7] tells us that the Chow ring A{G/B) of G/B has a distinguished Z-module basis 
which consists of Schubert varieties. Our approach is to describe A(G) via pull-back images of 
cp ■ Schubert varieties through the quotient map p : G ^ G/B. To he precise, the mothod proceeds 
as follows: Let 



(1.1) cg:S{H)^ A{G/B) 



> 

O 
l> 

^ \ he the characteristic homomorphism for G, where S (H) denotes the symmetric algebra over Z 
^ ; of the character group H of H ([[T21 (4.1)]). Then Grothendieck showed (IDl p. 21, Remarques 
2°], see also l6i §3] for the proof) that p* : A{G/B) — > A(G) is surjective and its kernel 
O ■ is the ideal generated by cg(H), in other words, the divisor classes on G/B. Therefore the 
determination of A(G) reduces to that of A{G/B). In principle, the ring structure of A(G/B) 
could be determined by the classical Chevalley formula fTl, but in practice, it could not be 
applicable to the cases of higher rank groups. On the other hand, the Chow ring A{G/B) is 
isomorphic to the integral cohomology ring H*(G/B;Z) via the cycle map which assigns to 
each Schubert variety its fundamental class ( [jT3l §6], lfT2l Example 19.1.11]). Hence we work 
with the cohomology instead of the Chow ring, which allows us to access the computational 
facility of algebraic topology. 
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To describe the cohomology ring H*{G/B; Z), we have two different ways, namely, the Schu- 
bert presentation and the Borel presentation. In the Schubert presentation, an additive basis 
for H*(G/B;Z) is given by Schubert classes corresponding to the Schubert varieties (|[T1, Q, 
|I3). However, the multiplicative structure among Schubert classes is difficult to determine, and 
hence it does not seem to fit our purpose of computing A(G). In fact, Marlin's computation of 
A(G) for G = SO,,, Spin,,, G2, and F4 in lfT6l . where he considered the Schubert presentation 
only, becomes unmanageable when applied to the remaining exceptional groups Eg, E7, and Eg. 
In O, A. Borel gives another description for H*(G/B;Z) in terms of the ring of invariants of 
the Weyl group action on S(H), which we call the Borel presentation today. This presentation 
has an advantage that the ring structure of H*(G/B;Z) is relatively easy to see. However, the 
generators in this presentation have little geometric meaning. There is a connection between 
these two presentations discovered by Bernstein-Gelfand-Gelfand [1] and Demazure [Bj. More 
specifically, they introduced a series of operators called the divided difference operators acting 
on S{H). Using these operators, we can express the ring generators of H*(G/B; Z) obtained by 
the Borel presentation in terms of Schubert classes. Computational difficulties in the cases of 
the higher rank exceptional groups G = E; (/ = 6, 7, 8) are overcome by an appropriate choice 
of the generators for H*(Ei/B; Z) discovered by Toda [El and Toda-Watanabe |l251 (see OTT) . 
Once we obtain the correspondence between the Borel and Schubert presentations, the Chow 
rings A(E/) are determined immediately using the result of Grothendieck mentioned earlier. In 
fact, the second author simplified Marlin's computation by making use of the same method as 
in this paper ( lEUl ). 

Then our main result is stated as follows: 

Theorem 1.1. For G = E; (/ = 6, 7, 8), we denote by p : G — > G/5 the natural projection, by 
p* : A{G/B) — > A(G) the induced pull-back homomorphism, by Wq the longest element of the 
Weyl group ofG, and by 5, the reflection corresponding to the simple root or, (1 < z < /) {for the 
notation, see ^2.1\ and §13. i I) . 

(1) The Chow ring ofE^ is given by 

A(Ee) = Z[X3, X4]/(2X,, 3X4, Xj, X^), 

where Xt, and X4. are the images under p* of the elements ofA(E(,/B) deflned by the Schubert 
varieties X^.gs^s4S2 ^n'o.v6«5.54«2 respectively. 

(2) The Chow ring 0/E7 is given by 

M^l) = Z[X3,X4,X5,X9]/(2Z3,3X4,2X5,X3,2X9,Z5,X4,Z9), 

where Xt,,X4.,X5, and Xg are the images under p* of the elements ofA(Ej/B) deflned by the 
Schubert varieties X,ii,gg^s4S2^ ■^wos(,ssS4S2j ^wosTS(,SjS4S2' ^^'^-^woi6-*5-*4-*3*7*6*5*4*2 respectively. 

(3) The Chow ring o/Eg is given by 



ACEg) -Z[X3, X4, X5, Xe, Xg, XiQ, X15] 

■ _ y3 V _ \ 



3X4, 2X5, 5X5, 2X9, 3X10, X?., 2X15, Xo, X\, , Xg, X?Q, Xjj), 



where XT,,Xi„X'i,X(^,Xg,XxQ, and X15 are the images under p* of the elements ofA(Es/B) de- 
flned by the Schubert varieties X^^,gf;^g^g2,X^^,Qg^g^g^g^,X^^ggJg^g^g^g2,X^^gg^g^g^g^g^g2,X^^^g^g^g^g^gJg^g^g^g2, 
-^H'oiii6'*5-*4*3*7*6*5*4-*2' ^^id X-^Qg^^^^^^^s^ ^^s^^^g^^^^^ ^^^^s^g^ respcctivcly. 



Combining Theorem [TTT] with the results from ffT6]| . IfTTll . we have the following table: 
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A(G) generators 



SL„ Z 
SP2„ Z 

S02„ ^p,^ ' , pi = 2^'°^2-^^i [n],[n-2,n],...,[h...,n-3,n-2,n] 

ZrXi, X";, . . . , X2r2i_i 1 „ , 

Spin2„ (2X X^') ^ [n - 2,n], . . . , [1, . . . ,n - 3,n - 2,n] 

Z[^l,X3,X5, . . . ,X2[2+i]_i] 

S02„+i ' , A = 2"°s^Tm M,[n-l,n],...,[l,...,n] 

(ZA,, A. ) 



E7 



^[^3, X5, . . . , ^2r— i-i] 
^P'''^"^^ (2X, X^') ' ' = '''' [n - 1, n], . . . , [1, . . . , n] 



Z[X3] 

Z[X3,X4] 



G2 t:^-^ [121] 



(2X3, 3X4,X^,X^) 

nx3,x,] 



[123], [1234] 



[542], [6542] 



(2X^,3X4,X^,X^) 
Z[X^,X4,X5,X^] [542], [6542], 



(2X3, 3X4, 2X5, XI 2X9, X2, X^, X2) [76542], [654376542] 



'jfv V V V V V VI [542], [6542], 

Z[X3, X4, Xs,X,, X,, Xio, X15] ^^^^42], [136542], [154376542], 



(2X3, 3X4, 2X5, 5X6, 2X9, 3X10, X4, [1654376542], [134276543876542] 

ZA15, Ag, Aj, A3, Ag, AjQ, Ajjj 

Here a Schubert variety Xnoi,^^;^ is abbreviated to [/1/2 . . .] in the third column of the table. 
Remark 1.2. We note that the mod p Chow rings A(G; F^,) := A(G) (S)z Fp were studied by V. 



Kac in |[T5l . where he showed that A(G; F^,) is isomorphic to Fp for a non-torsion prime p of G, 
whereas for a torsion prime p, A(G; Fp) is the "polynomial part" of H*{G; Fp). 

The organization of this paper is as follows: In §|2l we review basic facts on Schubert calculus 
and fix our notations. In ^ we recall the Borel presentation of the integral cohomology rings 
of H*{G/B;Z) for G = E/ (/ = 6,7,8) and convert those results to the Schubert presentation 
using the divided diff"erence operators. Finally in Ml we give descriptions of the Chow rings 
A(G) for G = E, (/ = 6, 7, 8). 

Acknowledgments. We thank Nobuaki Yagita for giving us useful comments concerning 
the Chow rings of algebraic groups. He pointed out that the ring structure of A(G) can also 
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be obtained by using the technique of lETll . We also thank Haibao Duan and Xuezi Zhao for 
discussion about the cohomology of flag varieties. Finally, we thank Mamoru Mimura for giving 
us various suggestions. 

2. CoHOMOLOGY OF FLAG VARIETIES 

In the area of Schubert calculus, we frequently use two ways of describing the integral co- 
homology of flag varieties; the Schubert presentation and the Borel presentation. The former 
gives a geometric basis for the cohomology whose product structure is hard to know, while the 
latter allows us purely algebraic treatment of the cohomology. For our purpose, we need both 
presentations. 

2.1. We begin with a brief review of the Schubert presentation of the integral cohomology 
rings of flag varieties ([HI, 0, 0). 

Let us denote by A the root system of G relative to H, by H the system of simple roots, by 
Ng{H) the normalizer of H in G. Then the Weyl group of G is defined by Ng{H)/H. Denote 
by Sa the simple reflection, i.e., the reflection corresponding to the simple root a e 11, and by 
S = {Sa\a £ 11} the set of simple reflections. Then it is known that the Weyl group W of G 
is generated by the simple reflections. Denote by /(w) the length of an element w e W with 
respect to S . 

As is well known (see for example f?, 14.12]), G has the Bruhat decomposition 

G = ]J BwB, 

weW 

where w denotes any representative ofweW. It induces a cell decomposition 

G/B = ]J BwB/B, 

weW 

where X° = BwB IB = C'^"'-* is called the Schubert cell. The Schubert variety is defined to 
be the closure X°. of X°,. The fundamental class of X„, lies in H2Hw)(G/B; Z). We define a 
cohomology class Z^^, e H^'^^''\G/B;Z) as the Poincare dual of [Xv,,(,„,], where wq is the longest 
element of W. We call Z^^, the Schubert class corresponding to w £ W. The Schubert classes 
{Z^.}n-ew form an additive basis for the free Z- module //*(G/5;Z); we refer to {Z„. as the 
Schubert basis. 

The product of two Schubert classes can be expressed as a Z- linear combination of the Schu- 
bert basis. In order to complete the multiplicative structure of H*(G/B; Z), we have to compute 
the structure constants a^J,, for u,v,w 6 W. These integers a^^, are defined by the following 
equation: 

7 ■ 7 = V a^ 7 

w e W, 
l(u) + l(v) = l(w) 

Computing the structure constants a^^^, becomes a hard task in general. Indeed, one of the main 
problems of Schubert calculus is to give a formula for structure constants (see for example 
II231). 

Remark 2.1. In ^91, H. Duan find an eff'ective algorithm for computing the structure constants. 
Based on it, he and X. Zhao gave descriptions of the integral cohomology rings of flag varieties 
in terms of Schubert classes ( IfTUl ). 
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To a subset Ip of simple roots H, we associate the parabolic subgroup P (d B) of G whose 
Weyl group@ Wp is the subgroup of W generated by {Sa \ a & Ip]- We can take the explicit 
minimal coset representatives of W/Wp (see lfT4l §1.10]) as 

W'' = {weW\ l(wsa) = l{w) + 1 for all a e Ip}. 

For w £ W^, the Schubert class Z^. 6 H^'^'''\G / P; Z) of the partial flag variety G/P is defined as 
the class dual to [BwqwP/P]. Similarly to the case of G/B, the Schubert classes {Z^^,}^^.^w'' form 
an additive basis for the free Z-module II*(G/P; Z). Consider the following fibration: 

(2.1) P/B G/B^ G/P. 

Since the fibre P/B and the base G/P have even dimensional cohomology, the Serre spectral 
sequence with integer coefficients for the fibration (12.11) collapses at the £'2-term. Therefore the 
projection n induces an inclusion n* : H*{G/P;Z) ^ H*{G/B;Z) which is compatible with 
the inclusion VK^ c W, the inclusion i induces a surjection i* : H*{G/B; Z) -» H*{P/B\ Z), and 
Ker f is an ideal of H*(G/B; Z) generated by n*H*{G/P\ Z), where H+(G/P; Z) = .^^ H'(G/P; Z). 
Furthermore, it is known that Imn* = H*(G/P;Z) c II*(G/B;Z) coincides with the set of 
Wp-invariant elements of H*{G / B\Z) ([[U Theorem 5.5]). From this, we can describe the 
ring structure of H*(G/B;Z) in terms of H*(G/P;Z) and H*{P/B;Z) (cf. [|25l Lemma 1,1], 
[fT6l §3], [Uni §2.8]). Certain choice of P reduces the computation of H*(G/B;Z) greatly 
via the "splitting" above. Especially for our purpose of determining the Chow ring A(G) = 
H*{G/B;Z)/ (h'^{G/B;Z)), we wiU choose P so that H*{P/B;Z) is generated by degree two 
elements (see §13.11) . 

2.2. In this subsection, we review the Borel presentation of the cohomology of flag varieties 

my 

Let ^ be a maximal compact subgroup of G and T = K f) H a compact maximal torus of 
K. Then the inclusion K G induces a diffeomorphism K/T = G/B. The inclusion T K 
induces a fibration 

K/T BT ^ BK, 

where BT (resp. BK) denotes the classifying space of T (resp. K). The induced homomorphism 
in cohomology 

(2.2) c = L* : H*{BT; Z) H*{K/T; Z) 

is called Borel's characteristic homomorphisn^. The Weyl group W of K acts naturally on T, 
hence on H^{BT; Z). This action of W extends to the whole H*{BT; Z) and also to H*{BT; F) = 
H*{BT; Z) (S>z F, where F is any field. Then one of Borel's results can be stated as follows: 

Theorem 2.2 (Borel [|2l). Let F be afield of characteristic zero. Then Borel's characteristic 
homomorphism induces an isomorphism 

c : H*{BT;¥)/{H*{BT;¥f) H*{K/T;¥), 

where {H^{BT; ¥)^) is the ideal ofH*(BT; F) generated by the W -invariants of positive degrees. 

More precisely, Wp is the Weyl group of the reductive part of P. 

^ It is not difficult to see that the symmetric algebra S (H) is isomorphic to H*{BT; Z), and Borel's characteristic 
homomorphism is identified with the characteristic homomorphism cc ■ S (H) — » A{G/B). 
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In particular, the rational cohomology ring H*{K/T; Q) is easy to describe. For the classical 
types, the rings of invariants of the Weyl groups with rational coefficients are well-known. For 
the exceptional types, see for example IfTSll . In order to determine the integral cohomology ring 
H*{K/T; Z), we need further considerations. In Il24l . Toda established a method to describe the 
integral cohomology ring H*(K/T;Z) by a minimal system of generators and relations, from 
the mod p cohomology rings H*(K;Z/ pZ) for all primes p and the rational cohomology ring 
H*{K/T; Q). Along the line of Toda's method, the integral cohomology rings of flag varieties 
for G = E/ (/ = 6, 7, 8) have been concretely determined by Toda-Watanabe If25]| and the sec- 
ond author |fT9ll , |[22]| . We emphasize that the ring structure is completely determined there. 
Throughout the rest of the paper, we fix maximal compact subgroups of E/ (/ = 6, 7, 8) and 
denote them by Ei (I = 6, 7, 8) respectively. 

3. Integral cohomology ring of Ei/T (I = 6, 7, 8) 

In this section, we focus on the cases of the exceptional groups Ei (I = 6, 7, 8). 

3.1. First we introduce a handy set of generators of H^{BT;'L) for K = Ei (I = 6,7,8). 
Following we take the simple roots n = {o';}i<,</. For instance, the Dynkin diagram of 
Eg is given as follows: 

ai as Qr4 as a(, a-j org 

O O Q O O O O 



6 ai 



Figure 1 . Dynkin diagram of E% 

We denote by {a»,}i<,</ the corresponding fundamental weights. As is customary, we regard 
roots and weights as elements of H^(BT;Z). Let 5, (1 < z < /) denote the reflection corre- 
sponding to the simple root a, (1 < z < /). Then the Weyl group W{Ei) of Ei is generated by 
Si (1 < z < /). 

Following nisi §4], [|26l §1], and IZD §2], we set 

ti = -a>i + 0)2, t2 = C0[ + C02 - CO3, ti = 0)2 + Cl)3 - 0)4, 

(3 1) 

ti = oji - oji+i (4 < z < /), ti = 0)1, t = 0)2, Ci = ei(ti, ...,ti) (I < i < I), 

where . . .,ti) denotes the z-th elementary symmetric polynomial in the variables t\, . . .,ti. 
In this setting, we have 

H*{BT;Z) = Z[oJuC02,...,oj,] 

= Z[tut2,...,ti,t]Kci-3t). 

Since we assume the simply-connectedness of the groups, Borel's characteristic homomorphism 
restricted in degree 2 is an isomorphism H^(BT;Z) = H^(Ei/T;Z). Under this isomorphism, 
we denote the images of f, (1 < z < /) and t by the same symbols. Thus H^(Ei/T; Z) is a free 
Z-module generated by f, (1 < z < /) and t with a relation ci = 3t. 

As for the action of the Weyl group on H^(BT; Z) (= H^(Ei/T; Z)), one can easily see that 

(i) Si (z 2) acts on {/^,}i<,</ as the transpositions and trivially on t. 
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(ii) The action of $2 on {f,}i<,<; and t is given by 

( t - ti - t2 - h + ti for 1 < / < 3, 
I ti for 4 < z < /, 

52(0 =2t-ti-t2- t^. 



Let P2 be the centralizer of a one dimensional torus determined by a, = (i 2) 0. Then 
the Weyl group Wp^ of P2 is generated by 5, (/ 2). Notice that the elements (1 < z < /) 
and t in H^(Ei/T;Z,) belong to an orbit under the action of Wp.,. This technical choice of a 
"maximal parabolic subgroup" of Ei is made by paying attention to the symmetry seen from 
the Dynkin diagram of type E exceptional groups (see Figure [B; Disregarding the root a2, the 
Dynkin diagram of type Ei is the same as that of type A;_i. Therefore, by (|2.1I) . we have the 
following bundle: 

SU(l)/r = P2/T ^ E,/T A E1/P2, 
where T' denotes the standard maximal torus of SU{1). As mentioned in ^2.1[ the Serre spectral 
sequence with integer coefficients for the above fibration collapses at the £'2-term. From this 
and the fact that H*(SU(l)/T';'Z) is generated by degree two classes, it is not hard to see that 
H*iEi/T; Z) is generated multiplicatively by H^(.Ei/T; Z) and Im n* = H*{EilP2, Z). Especially, 
ring generators of degrees greater than two can be chosen so that they lie in //*(£/ /Pi ; Z) c 
H*{Ei/T; Z) (see Theorems [3ll [331 and[33]below). Hence any class in H*{E,/T; Z)/ (h\EjIT; Z)) 
(= A(E,)) can be represented by an element of H*(Ei/P2; Z) c H*{Ei/T; Z). This is the crucial 
point for the computation in the sequel. 

3.2. Using the basis for H^{Ei/T;Z) described in the previous subsection, we give concrete 
descriptions of the integral cohomology rings of Ei/T, following the results of [|25]| . ffT9l , and 



Theorem 3.1 (Toda-Watanabe [|25]| . Theorem B). The integral cohomology ring ofE(,/T is 
H*(Ee/T;Z) = Z[tu ■ ■ ■ ,t(>,t,r3,74]/(pi,P2,P3,P4,P5,P6,P&,P9,Pn), 

where 

= ci- 3t, P2 = C2- 4t^, P3 = C3 - 273, p4 = C4 + 2?^* - 374, 
P5 = C5 - 3?74 + 2t^y3, P6 = 7i + 2c6 - 3t^y4 + r^ 

P8 = 374 - 6/^7374 - 9t^C6 + I5t\4 - 6t^73 - ^^ P9 = 2C673 - 3?^C6, 

P12 = 3cl - lj\ + 6^7374 + 3?^C674 + 5?^C673 - 15?V4 - lO^^^g + 19?V4 - 6rV3 - 2f'l 

Remark 3.2. This description is slightly different from the one in ll25l . Toda-Watanabe [|25l 
make use of the integral cohomology ring of the Hermitian symmetric space ElU = E(,/T^ ■ 
Spin{\0) to determine the higher relations pg and pi2. For our purpose, it is convenient to have a 
description directly related to the ring of invariants of the Weyl group W(E^). We will give the 
outline of the computation in §l5.1l for convenience of the reader. 

Theorem 3.3 (Nakagawa |[T9l , Theorem 5.9). The integral cohomology ring ofEj/T is 
H*(Et/T; Z) = Z[tu ...,t7,t, 73, 74, 75,79] 

/(Pl,P2,P3,P4,P5,P6,Pii,P9,PlQ,Pl2,Pu,Pls), 



The subgroup P2 corresponds to the maximal parabohc subgroup of E; associated to the subset n \ {02). 
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where 

Pl = Ci - 3t, P2 = C2 - 4t^, P3 = C3 - 273, p4 = C4 + 2?"^ - 374, 

P5 = C5 - 3/^74 + 2?V3 - 275, P6 = 73 + 2C6 - 2?75 - 3?^74 + 

P8 = 37^ - 27375 + t{2cj - 67374) - 9fc6 + 12/'V5 + IS^V - 6t^73 - t\ 

P9 = 2c673 + t^cj - 3t^C(, - 279, pio = 75 - 2C773 + 3rV7, 

P12 = - 27^ - 2C775 + 2737475 + r(4c774 - 2C675 + 67374) + f^(-3c773 + 3C674) 

+ r\-127475 + 5c673) + ^'(-27375 - I574) - ^^t'c, + Ufy^ + I9t'y, - 6fy, - 2t'\ 

Pl4 = C7 + 6C77374 - 2C67375 - ^^C775 + ?^(-9c774 + 3C675) - 6f'*C773 + 9^0-,, 

P18 = -79 + 2C6C775 + 6C77374 - 2C774 - 2C6737475 + 2C67379 + ?(-6c773 + 24C6C774) 

+ ?^(-25c77475 + C779 - I8C6C773) + r^(-45c774 + 2OC77375 + 3C67475 - 3C679) 

+ t\nc^j + 2C67375 + 48C77374) + 5\t^C(,ci - 53t^ciys + f{-69c-iy4 - 3c675) 

+ 16^^773 + 15?"C7. 

Remark 3.4. Similarly to the case of E'g, this description is slightly different from the one in 
lfT9]| . The second author |[T9]| make use of the integral cohomology ring of the homogeneous 
space E-]/T^ -Spinill) to determine the higher relations pi2, pn, and pig. Here we give a de- 
scription directly related to the ring of invariants of the Weyl group W{E-i) (see also ^5.11) . 

In a similar fashion, we can give a Borel presentation of H*(E^/T; Z). 

Theorem 3.5 ( [|22]| . Theorem 3.4). The integral cohomology ring ofE^/T is 

H*{E8/T; Z) = Z[tu ...,h,t, 73, 74, 75, 76, 79, 7io, 715] 

/(Pl,P2,P3,P4,P5,P6,P8,P9,Pl0,Pl2,Pl4,Pl5,Pl8,P20,P24,P30), 

where 

Pl = ci - 3t, P2 = C2 - 4^^ p3 = C3 - 273, p4 = C4 + 2t^ - 374, 

P5 = C5 - 3?74 + 2?^73 - 275, p(, = ce- 2y\ - tys + t^y4 - - 576, 

Ps = -3c8 + 3yl - 27375 + K2c7 - 67374) + ^'(273 - 576) + Sf^s + 4?V4 - 6t^73 + t\ 

P9 = 2c673 + tcs + t^c-j - 3t'C(, - 2yg, pio = yj - 2C773 - fcg + 3t^Cj - 3yiQ, 

P12 = 1576 + 2737475 - 2C775 + 27^ + IO7376 - 3C874 - 27^ + ?(C873 - 27^75 + 4C774 + 67374) 

+ f{3yw - 257476 - C773 - 1 67374) + ^^(257376 - 37475 + IO73) + ^"^(3^8 + 37375 + 574) 
+ f'(-3c7 - 57374) + 4rV3 - 7?V4 + 4fV3, 

Pl4 =Cj- 3C876 + 674710 - 4C873 + 6C77374 - 67374 - 127476 - 2737576 

+ ^(24737476 - 8C773 - 8c776 + 4c875 - 673710 + 1 27374) 

+ r^(-2737475 + 67^ + 27^76 + 207^ - 47^ - C775) + t^{-\2y^yl + 8c873 - 5c774 + 37576) 

+ t\3yy^ - 267476 + 6C773 - 47374) + ^^(247376 + 37475 + I273) + t\-^c^ + 27^) 

- At\n + ?\676 - 67^) - 6?'V4 + 12f"73 - 2t^\ 

Pi5 = (C8 - ?^C6 + 2rV5 + 3?'*74 - t^){ci - 3tc^ - 2(73 + '^6)(79 - C673) - 2715, 
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Pl8 = 79 - 9c8yio - 674710 - 47379 - 10737679 + 27375710 - 273747576 - 6C77374 + 3C87476 

+ C87374 + 67^7^ + 127^76 + 2c^74 + 2C77375 - 27^7475 + 2c77576 + ^y^ - 107^ + 187^75 

+ 157376 -9C7C873 

+ ?(-2737579 - 24C77476 + 8C87475 + 4C77374 + 4c77io - C879 + 2C773 + 4c87376 + 1273747io 

- 36737^76 + 127^7576 + C873 + 67375 - 1 87374) 

+ ^^(247374 - 2cl - cjy^ - 1 173710 + 2737479 - 2c87375 + I6C77376 - 3C77475 + 75747^ 

- 674 - 9c874 + 8I737476 - 1376710 + 4737475 - C773) 

+ ?^(-3757io - 1507376 - I357376 + 67379 - 2C77375 + 2IC774 + 15c7C8 + 3747576 - 3737475 
+ I87374 + 157679 + 14C87374 - 307^) 

+ ?'^(-13c876 + 274710 - 5cj - 337374 + 37579 - 28737576 - 457476 - 4IC77374 - 1 37375 

-9C873) 

+ ?^(3c776 - 67475 + 23c773 + 105737476 - 6C875 - 37479 + 457374) 
+ t\nyl- 47379 + 4c775 + 9737475 + 127^ + 667^76 + 757^ + 2c874) 
+ ^'(-337374 + 127375 + 157576) + ?'(-47io + 21 7374 - 5c773 - 37476) 
+ ^"(679 - 4273 - 997376) + ^'°(-4c8 - 67^ - 137375) + t'\3cj + 21y,y,) + t'\60y, + ISyj) 
+ 6t^^y5 - 9?^V - 12?'V3 + 10^'^ 
P20 = 9m2*' + 45u^\ + \2u^% + 60m^^ + 3Qu\w + lOwV + 3w^ 
P24 = 1 1m^^ + 6Qu^\ + iW^w + 105m' V + 6Qu\w + 60mV + 9mV + 30m^^w + 5v^ 
P30 = -9x^ - I2u\x - 6u^wx + 9u^\w - lOu^^v^ - 3m' V + 30u\^w - 35u%'^ + 6u\w^ 

- IOmVw - 4v^ - 2w\ 

and 
u = h, 

V = 276 + 73 - M75 + 74(-?^ + U^) - M^73 + - t'^u^ + t^w' + fu' - tu^, 
w = 7io + "79 - u cj - M7475 + 2m 74 - 2m 7375 + 7374(-6fM + 2m ) + 73(2? u + 2tu - 2m ) 
+ 76(-5?^M^ + 5tu^) + ysit'^u + 3Pu^ + t^u^) + 74(6?'*m^ - 3r'u^ - 2t^u^ - tu^ + u^) 
+ y^{-6t^u^ - 2t^u^ + At^u^ + bt'^u^ - Atu^ + u^) + Afu^ - 6t^u^ + 2t^u^ + Pu^ - t^u\ 
x = yi5 - 207376 + 37379 - 237376 - 673 + 47679 + 3m747io - M7579 - 3M7374 + 3MC77374 
- 6M7476 + (-3t + 2m)7375 + (-4t + 4m)737576 + (-t^ - w^)7479 + (t^ + tu - u^)ciyl 
+ {9t^ + I2tu + 5m^)737476 + {5t^ + 6tu + 2m^)7374 + {3t^ + 4tu + u^)c-iye 
+ (-6?^ - 2t^u - 6tu^ + 5m^)73 - MV379 + (3t^u + w')yl + (2t^u + 3tu^)ciys 
+ (-45r'' + 10?^M - AOtu^)yl + {t" - 2t^u + tu^ - m^)737475 + (-33?^ + t^u - 3\tu^ + 13m^)7376 
+ (-2?^* - Ar'u - 3tu^ + 3u')ciy^ + {-9t'^ - 6t^u - ISt^u^ + 5tu^ - 3m'*)7576 
+ (-3?'* - 3t^u - ifu^ + 5tu^ - 4m^)7375 + (-f^* - 6t^u - fu- - 3tu^)y^yl 



+ 



-St'^u - 6t^u^ + 3fu^ + 15?M'*)yio + (St'^u + t'u^ + St^w' + \Qtu^ - u^)ciy^ 
\5t^ - 2fu + 3t\^ + Ut^u^ - I6tu^ + 3M^)7^r4 

39?^ - I3t^u + SPu^ + 35tW -3\tu^- 3^^)7476 + (t^ - t\'^ - - t^u" - tu^ - u^)y^ 

-\3t^ + Yl^u + 5t^u^ - 56t\^ + ^fu" + lltu^ + 2m^)7376 

6t^ + + It'^u^ + 7?^M^ + t'^u^ - Stu^ + 3m^)7475 

-St^ + 6t^u + 2t^u^ - llt^u^ + et^u" + %tu^ - 2u^)yl 

-ef + t\ - lt\^ + St^u^ + 3?^^^ + 3?^^ - 63m^)7^ 

-f + 2/'''m + t^u^ - Wt'^u^ + et^u" + Sr^M^ + 6?^^ + 39m^)7375 

2t^ + 6?^M + 3t^u^ - At\^ - ISt^'^ + 6t\^ + 3/'^M^ - 40?^^ + 59m^)c7 

+ t^u^ + 1 + Ut\'^ - 2Qt\^ - 4f-u^ + 1 18fM^ + 3m^)7374 
-48?'^ + 3t^u - Alfu^ + m^u^ + 16?^^^ - I3t^u^ - 61t^u^ + 125?^^^ - I5tu^ - 29lu\6 
-18?'^ - 3t\ - lefu^ + lOt^u^ - At^u^ - %t^u^ - let^u^ - 23t^u' - IQtu^ - 115m'^)7^ 
-6f'" - 3t\ - 9t\^ + 5fu^ - St^u^ - Ut^u^ - 52t^u'' + 6t'^u^ - 6Qtu^ + 1 \lu^^)y5 
- 3t^% + 5fu^ + llt^u^ - 2%fu^ + %t^u^ + 2Qt\^ - 6At^u^ - ISt^u^ + SAt^u"^ 
mu^° - 177m")74 

-2t^^ + 6t^^u + 2t^%^ - 20t\^ + 1 Ir^M^ + 22fu^ - %t^u^ + %3t^u' + \5t^u^ + 5t^u^ 



Remark 3.6. In order to determine the higher relations p2o, P24, and p3o, the second author Il22ll 
make use of the integral cohomology ring of the homogeneous space E^/T^ -Ej (for the integral 
cohomology ring of E^/T^ -Ej, see ll2T]| ). 

Since the elements f, (1 < / < /) in H^(Ei/T;Z) belong to an orbit of Wp^, the elementary 
symmetric polynomials c, (1 < i < 1) are Wp, -invariants, and hence they are elements of 
H*(Ei/P2;Z). The element t in H^{Ei/T;Z) is also an element of H^(Ei/P2;Z). Therefore, in 
any cases of Ei (/ = 6, 7, 8), one can see that the higher degree generators 7, lie in H*(Ei/P2; Z) c 
H*{EilT\Z). 

3.3. In the previous subsection, we reviewed the Borel presentation of the integral cohomol- 
ogy rings of Ei/T by generators and relations. In order to express those generators in terms 
of Schubert classes, we will use the divided difference operators introduced independently by 
Bernstein-Gelfand-Gelfand [m and Demazure [18|: 

Definition 3.7 (Bernstein-Gelfand-Gelfand Q, Demazure (1) For each root or e A, the 
operator of degree -2 

Aa : H\BT;Z) H*{BT;Z) 

is defined as 

u — s„(u) 

K{u) = — for u e H*{BT\ Z). 

a 
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(2) For w eW, the operator A^^ is defined as the composite 

A„, = A,,, o A,,, o ■ ■ ■ o A„^, 

where w = SaiSa^ ■ ■ ■ s^i. (cf,- e H) is any reduced decomposition ofw. 

One can show that the definition is well defined, i.e., independent of the choice of the re- 
duced decomposition of w. The following theorem gives a correspondence between a cycle 
represented by a polynomial in the Borel presentation and a sum of Schubert classes via the 
characteristic homomorphism (12.21) . 

Theorem 3.8 (Bemstein-Gelfand-Gelfand Demazure IS]). For a homogeneous polynomial 
f &H^\BT\T), we have 

c{f)= Yj ^MZ„. 

weW, l(w)=k 

{Note that A„(f) € H^(BT; Z) = Z.) In particular, we have c(cOi) = Z,.. 

3.4. Now we combine the result of the previous subsections to have the explicit relation be- 
tween the ring generators of H*{Ei/T; Z) given in §13.21 and the Schubert basis {Z„}weW{Ei)- For 
simplicity, a reduced decomposition w = Si^Si^_ • • • Si,. will be abbreviated to [zi/2 • • • 4], and we 
denote by Zi^h...i|^ the Schubert class corresponding to w, although the reduced decomposition of 
a Weyl group element may not be unique. 

First we deal with the case of E(,. Since c(a;,) = Z,, it follows immediately from (13.11) that 

tl = — Zi -I- Z2, t2 = Zi + Z2 — Z3, t3 = Z2 + Zj - Z4, 
?4 = Z4 - Z5, t^ = Z5 — Zg, ?6 = Zg, t = Z2. 

For the higher degree generators, we would like to have an expansion of 7, (z = 3, 4) by the sum 
of Schubert classes. Note that they lie in H*(Ef,/P2; Z) c H*(Ef,/T; Z), which has the Schubert 
basis indexed by Since the length three and four elements of VK^^ are {[342], [542]}, 

{[1342], [3542], [6542]} respectively, the elements (z = 3,4) should be written as Z-linear 
combinations 

73 = '2342Z342 -I- 6(5422542, 

74 = '21342Z1342 + 6(354223542 + Cl(,542Z(,542- 

The coefficients 0342, a542, ^1342, '23542, 6(6542 € Z can be determined as follows. By Theorem 13. 1[ 
we have 

(3.2) 273 = C3, 374 = C4 + 2t\ 

Therefore 273 and 374 are contained in the image of c. Define the polynomials in H*(BT; Z) by 

^3 = C3, ^4 = C4 -I- 2?^, 

SO that they are mapped under c to 273 and 374 in H*(Eq/T; Z) respectively. Applying Theorem 
l3.8l to 6i (z = 3, 4), we have 

273 = 2Z342 + 4Z542 = 2(Z342 + 2Z542), 

(3.3) 

374 = 3Zi342 -I- 6Z3542 -I- 6Z6542 = 3(Zi342 -l- 2Z3542 -l- 2Z6542). 

Since H*{E(,/T; Z) is torsion free, we obtain 

(3.4) 73 = Z342 -I- 2Z542, 74 = Z1342 -I- 2Z3542 -I- 2Z6542. 
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Conversely we can express each Schubert class as a polynomial in t, 73 and 74; Consider the 
following polynomials in H*{BT; Q): 

1 , 1 . 

/342 = -2 ^3 + 2t\ /542 = - t\ 

/1342 = ^^4 - t6, + lt\ /3542 = + \t6,, fes42 = ^S, - t\ 

Applying Theorem 13.81 to the above polynomials, we see that these are indeed the polynomial 
representatives of the Schubert classes, i.e., c{fM2) = Z342 and so on. Therefore, in the ring 
H*(E6/T;Z),v/e obtain 

Z342 = -73 + Z542 = 73 - 

Z1342 = 74 - 2?73 + 2t'^, Z3542 = -74 + ^73, ^6542 = 74 " 

Thus, for example, we can choose Z542, Z6542 as ring generators in place of 73, 74. Consequently, 
we obtain the following result. 

Proposition 3.9. In H*{E(,/T; Z), the relation between the ring generators {ti, . . . , te, t, 73, 74} 
in Theorem \3. 1 1 and the Schubert classes is given by 

t\ = — Zi + Z2, ?2 = Zi + Z2 — Z3, ?3 = Z2 + Z3 — Z4, 

?4 = Z4 — Z5, t^ = Z=, — Zg, ?6 = Zg, t = Z2, 

73 = Z342 + 2Z542, 74 = Z1342 + 2Z3542 + 2Z6542. 

Furthermore, we have 

Z342 = -73 + 2f\ Z542 =y3-t^, 

Z1342 = 74 - 2f73 + 2?4, Z3542 = -74 + ^73, Z6542 = 74 " ■ 

In particular, the set {Zi , Z2, . . . , Zg, Z542, Z6542} is a minimal system of ring generators ofH*{E(^IT; Z) 
that consists of Schubert classes. 

In a similar manner, we carry out the computation for the case of E-j. It follows immediately 
from (1311) that 

ti = — Zi + Z2, ^2 = Zi + Z2 — Z3, ?3 = Z2 + Z3 — Z4, 

?4 = Z4 - Z5, ts = Z5 - Z(,, t^ = Zd - Z7, ?7 = Z7, t = Z2. 

By Theorem 13. 31 we have 

273 = C3, 

374 = Ca + 2t'^, 

(3.5) 

275 = C5- 3f74 + 2t^y3 = C5- tC4 + t^C3 - 2t^, 
279 = 2c673 + t^Cj - 3t^C(i = c^Cd + t^Cj - 3t^C(i. 

Therefore 273, 374, 275, and 279 are contained in the image of c. Define the polynomials in 
H*iBT;Z) by 

^3 = C3, ^4 = C4 + It"^, 65 = C5 - tC4 + t^C3 - 2t^, 69 = C^Ce + t^Cj - 3t^C^, 
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so that they are mapped under c to 2y^, 874, ly^, and 279 in H*{E-]IT; Z) respectively. Applying 
Theorem 13 .81 to 5, (?' = 3, 4, 5, 9), we have 

273 = 2(Z342 + 2Z542), 

374 = 3(Zi342 + 2Z3542 + 2Z6542), 

(3-6) . 

Z75 - ZZ76542, 

279 = 2(2Zi54376542 + Z654376542), 

Since H*{Ej/T; Z) is torsion free, we obtain 

73 = Z342 + 2Z542, 

74 = Z1342 + 2Z3542 + 2Z6542, 

(3.7) 7 

75 - -^76542, 

79 = 2Zi 54376542 + Z654376542, 

Conversely we can express each Schubert class as a polynomial in t, 7, (/ = 3, 4, 5, 9); Consider 
the following polynomials in H*(BT; Q): 

1 , 1 . 

/342 = -2 ^3 + 2t\ /542 = -^3 " t\ 

/l342 = - ^^3 + 2?^*, /3542 = "^'^4 + 2^^^' -^6542 = 2^4 " , 
fl 6542 ~ 2^5, 

11 1 4 . 11 4 

7154376542 - T^g " 7^4^5 + ^5 , 7654376542 - -7:^9 + 0^455 " t S5. 

I O I I J 

Applying Theorem 13.81 again to the above polynomials, we see that these are indeed the poly- 
nomial representatives of the Schubert classes, i.e., c(/342) = Z342 and so on. Therefore, in the 
ring H*{Et/T; Z), we obtain 

Z342 = -73 + 2^^ Z542 = y^-t^, 

ZnAi = 74 - 2?73 + Z3542 = -74 + ^73, ^6542 = 74 - t'^, 

■^76542 = 75, 

^154376542 = 79 " 7475 + ^"^75, -2654376542 = "79 + 27475 - 2?'*75. 

Consequently, we obtain the following result. 

Proposition 3.10. In H*(Et/T; Z), the relation between the ring generators {ti,. . . , t-j, t, 73, 74, 
75, 79} in Theorem \3.3\ and the Schubert classes is given by 

ti = — Zi + Z2, ?2 = -Zi + Z2 — Z3 , ?3 = Z2 + Z3 - Z4, 

?4 = Z4 - Z5, t^ = Z5 - Zg, t(, = Z(, - Z7, t-] = Z-j, t = Z2, 

73 = -2342 + 2Z542, 74 = Z1342 + 2Z3542 + 2Z6542, 

75 = -276542 > 79 = 2Zi 54376542 + Z654376542. 
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Furthermore, we have 

^342 = -73 + 2^^ Z542 = 73 - ^^ 

^1342 = 74 - 2?73 + It'^, Z^sAl = -74 + ^73, 26542 = 74 - t"^ , 
^76542 = 75, 

^154376542 = 79 " 7475 + t'^Ts, ^654376542 = "79 + 27475 " 2?'^75. 

In particular, the set {Zi,Z2, ... ,27,2542,26542,276542,2654376542} is a minimal system of ring 
generators ofH*(Ej/T; Z) that consists of Schubert classes. 

Finally, we carry out the computation for the case of Eg. It follows from (13.11) that 

ti = — 2i + 22, ?2 = 2i + 22 - 23, f 3 = 22 + 23 — 24, ?4 = 24 — 25, 
?5 = 25 - 26, t(, = - 27, t-j = Z-/ — Zg, tg = 2^, t = Z2. 

By Theorem 13. 5 [ we have 



(3.8) 



273 


= C3, 




374 


= C4 + 2?\ 




275 


= C5 - tC4 + t^C-i - 2t^, 




3076 


= 6c(, - 3cl - 3tC5 + 5t^C4 - 3t^C3 


-2t\ 


279 


= C3C6 + tCg + t^c-j — 3t^C(,, 




12710 


= (C5 - tC4 + t^C3 - 2t^f - 4C7C3 - 


■4t^Cii + nt^cj. 


8715 


= 4(C8 - t^Ce + t^C5 + t^C3 - t^XCj 
-{cl + 4C6)(/'C8 + t'-Ci - 3t^C6). 


- 3tce) 



Therefore 273, 374, 275, 3O76, 279, I2710, and 8715 are contained in the image of c. Define the 
polynomials in H*(BT; Q) by 

^3 = C3, ^4 = C4 + 2t'^, 65 = C5 - tC4 + t^CT, - 2t^, 

= 7(6c6 - 3cl - 3tC5 + 5t^C4 - 3t^C3 - 2t^), 
6 

6<) = cjc^ + tcg + t^cj - 3t^ce, 

Sio = ^{(c5 - tC4 + t^C3 - 2t^f - AC1C3 - 4-t^cg + 12r^C7}, 

Si5 = (C8 - t^Cf, + t^Cs + t^C3 - t\ci - 3tC(,) - ^{cl + 4C(,)itCs + t^Ci - 3t^C(,). 

By applying Theorem [X8] to 5, (z = 3, 4, 5, 6, 9, 10, 15), we obtain the similar results: 

Proposition 3.11. In H*{Eg/T; Z), the relation between the ring gererators {ty,..., tg, t, 73,74, 75, 

76, 79, 7io, 715} in Theorem \3.5\ and the Schubert classes is given by 
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h = —Zi + Z2, ^2 = -Zi + Z2 — Z3, ?3 = Z2 + Z3 — Z4, ?4 = Z4 — Z5, 

t=, = — Zg, t(, = Z(, — Z-I, ti = Z-I — Zg, ?8 = Zg, t = Z2, 

73 = 2342 + 2Z542, 

74 = Z1342 + 2Z3542 + 2Z6542, 

75 = 276542, 

76 = -6Zi36542 - 5Zi43542 - 2Z243542 - 5Z376542 - 6Z436542 " 28765425 
79 = 4Zi43876542 + 2Z154376542 + 4Z543876542 + Z654376542, 

7lO = -2i5438765432, 

7l5 = 58Zi3i426543876542 " 17Zi3423l543876542 + 140Zi34276543876542 
+ 30Zi35426543876542 + 127Zi54276543876542 ~ 22Z234231543876542 
+ 87Z242316543876542 + 27 1Z243176543876542 " 22Z245423143876542 
+ 52Z254316543876542 + 3 8 6Z314276543876542 + 82Z315426543876542 
+ 102Z342316543876542 ~ 22Z345423 143876542 + 30Z354276543876542 
+ 470Z423176543876542 - 17Z458765423143542 + 55Z465423143876542 
+ 139Z542316543876542 + 62Z543176543876542 + 1 5Z654276543876542 
+ 8Z658765423 143542 + 157Z765423143876542- 



Furthermore, we have 



Z5A2 


= 73 ■ 


-t\ 


^6542 


= 74- 


-t\ 


^76542 


= 75, 




2i 36542 


= 76 ■ 


- tys + t^y4. 


154376542 


= 79 ■ 


- ly] - Ay^ye 




+ t\- 


-ly\ + 1476) - 



-674 



Zi654376542 = "710 + 75 " 27374 - 47476 + 2t^yl + ^^(27^ + 476) - 4t^y4 + 2f^°, 

276543876542 = 7l5 + 167679 + 757lO + 67376 + 57379 - 7376 + 4737475 + 73 
- I27375C7 - 297374C8 

+ K-16776C8 - 67579 + 1657476 - 96737576 + 327374C7 - 25873C8 
+ 2767^74 - 18 1 7375) 

+ f^(10776C7 + 1 175C8 + 937479 + 4873710 - 67^75 - 945737476 + 1907^C7 
-7957^74) 

+ t\3yl - 3I75C7 + 1347379 - I2374C8 - 6747^76 - 83737475) 
+ ?'*(1397576 + 3I74C7 + 2673C8 + 1177374 + 1307^75) 
+ f'(5 137476 - I9473C7 + 6047^74) + ^"(79 + IO947376 + I337475) 
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+ r'(3c8 + 1987375) + t\22c-, - 6857374) + t\y(, + 187^) 
+ 4/''V5 + 24U"74 + 382?'V3- 

In particular, the Set{Zi,Z2, . . . ,Z8,Z542,Z6542,Z76542,Zi36542,Zi54376542, -21654376542, ■Z134276543876542} 

is a minimal system of ring generators of H*{E^IT; Z) that consists of Schubert classes. 

4. Chow rings of E; (Z = 6, 7, 8) 

In this section, we determine the Chow rings of the exceptional groups E/ (/ = 6, 7, 8). 
As mentioned in the introduction, we have only to compute the quotient ring of A{G/B) by 
the ideal generated by A\G/B). Denote by p* : A(G/B) — > A{G) the projection onto the 
quotient induced by the natural projection p : G ^ G/B. It is known that the cycle map 
A(G/B) — > H*{G/B;Z) which assigns to the Schubert variety the Schubert class Z^, is 
an isomorphism of rings. Therefore, the Chow ring A(G) is isomorphic to the quotient ring of 
H*{G/B; Z) = H*{K/T; Z) by the ideal generated by H\KIT; Z). 

By Theorem 13 .11 we easily obtain that 

H\EJT- Z)l{tu ...,t,,t) = Z[73, 74]/(273, 374, rl rl)- 



Furthermore, by Proposition 13 .91 we have 

Z542 = 73, Z6542 = 74, mod (fi, . . . , te, t). 
In a similar manner, by Theorem 13 .31 we obtain 

H*(Et/T; Z)/(tu ...,tj,t) = Z[73, 74, 75, 791/(273, 374, 275, yj, 279, 75, 7^, 79). 
Furthermore, by Proposition 13 .101 we have 

Z542 = 73, Z6542 = 74, Z76542 = 75, Z654376542 = 79 mod (ti,...,tj,t). 



Finally, by Theorem [331 we obtain 

H*{E,/T;Z)/{tu...,k,t) 
= Z[73, 74, 75, 76, 79, 710, 715] 

/(273, 374, 275, 576, 279, 75 - 3710, 74' 2715, 79' 37?0' 73' 7?5 + 7?o + 276)- 
Furthermore, by Proposition [3TTTJ we have 

Z542 = 73, Z6542 = 74, Z76542 = 75, Zi 36542 = 76, Zi 54376542 = 79, 
Zl 654376542 = "710 + 75, -2134276543876542 = 7l5 + 757l0 + 7379 + 73 ^od (^i, . . . , t^, t), 

and the relations are calculated as follows: 

75 ~ 3710 = Z7g542 - 3 (-Zl 654376542 + ^76542) = 3Zi654376542, 
37l0 = 276542(-Zl654376542 +^75542) = Zj^542^ 
46542 = 76 = -12(7?5 + 7W + 276)' ^1654376542 = -jIo = -10(7^5 + 7^0 + 276)' 
7l5 = Zi34276543876542 + ^542 + Z542Z154376542 + Z542, 
^34276543876542 = 7^5 = 15(7^5 + 7lO + 276) ^od (?i, . . . , ?8, 0- 

Therefore we obtain our main result of this paper: 
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Theorem 4.1. (1) The Chow ring ofEf, is given by 

where X3 and X4. are the pull-back images of the elements ofA{E(,IB) defined by the Schubert 
varieties X^,^,^,^,, and X„^,^,^,^,^ respectively. 

(2) The Chow ring ofEj is given by 

^(Ey) = Z[X3, X4, X5, Xi)]/{2Xt,, 3X4, 2X5, Xj, 2X9, Xj, X4, Xg), 

where Xt,,X4,X5, and Xg are the pull-back images of the elements ofA{Ej/B) defined by the 

Schubert varieties ^n.>Qi5.v4S2) ■^wo.s6*5*4*2' -^^^'o■«7■*■6*5*4■*2' ■^woi6«5i4«3.s7«6-«5-54-*'2 ^^sp (actively. 

(3) The Chow ring o/Eg is given by 

A(E%) = Z[X3,X4,X5,X6,X9,Xio,Xi5] 

/ (2X3, 3X4, 2X5, 5X(i, 2X9, 3X10, X4, 2X15, Xg, X5, X3 , Xg, XjQ, Xjj), 

where X3,X4,X5,X(),X<),Xiq, and X15 are the pull-back images under p* of the elements of 
-'^(Eg/^) defined by the Schubert varieties Xn>oi5i4.v2'-^»'o*6*5^4*2' -^"'0^7^6*5*4*2' ^"'0*1*3*6*5*4*2' 

•^H'0*l*5*4*3*7*6*5*4*2' ■^"'0*1*6*5*4*3*7*6*5*4*2' -^"'0*1*3*4*2*7*6*5*4*3*8*7*6*5*4*2 f^^^P^CtlVefy 

Remark 4.2. As a Corollary of Theorem 14. 1[ we can recover the p-exceptional degrees of 
G = E/ (/ = 6,7,8) for each torsion prime p. In [J 5 II . Kac showed that the kernel of the 
characteristic homomorphism tensored by a prime field Fp is an ideal generated by a regular 
sequence. Hence, there exist homogeneous polynomials Pi, . . . , P/ e S{H) ® ¥p = H*{BT; Fp) 
such that 

Ip :=kerc®Fp = (/'!,...,/',). 

Then he introduced the notion of the p-exceptional degrees which is a certain sub-sequence of 
the degrees of the basic invariants of G. The basic invariants of G are defined to be homoge- 
neous generators of ker c Q = {{S^{H) ® Q)^j. We only show how to deal with the case of 
(G, p) = (Eg, 2) (cf. [|T5l §7]). The other cases can be obtained in a similar manner. By Theorem 
14. 1[ the mod 2 Chow ring of Eg is 

A(E8;F2) =A(Eg)®zF2 

= F2 [X3 , X5 , X9 , Xl 5 ] / (Xj , , Xg , 5 ) . 

Therefore, by IfTSl Theorem 3], the 2-exceptional degrees are 2^ • 9 = 18, 2^ • 5 = 20, 2^ • 3 = 24, 
2' • 15 = 30. Moreover, by IfTSl Theorem 4], the degrees of generators of 1 2 can be read ofi" as 
follows: in the sequence (2, 8, 12, 14, 18, 20, 24, 30) of the degrees of the basic invariants (see 
the table below), we replace the number 18 by 9, 20 by 5, 24 by 3, and 30 by 15. 

The p-exceptional degrees of E/ (/ = 6, 7, 8) are given by the following table (cf. [[T5l Table 
2]). 

(G, p) degrees of basic invariants degrees of generators of Ip p-exceptional degrees 



(E6,2) 
(E6,3) 
(E7,2) 
(E7,3) 
(Eg, 2) 
(Eg, 3) 
(Eg, 5) 



(2,5,6,8,9,12) (2,3,5,8,9,12) (6) 

T (2,4,5,6,8,9) (12) 

(2,6,8,10,12,14,18) (2,3,5,8,9,12,14) (6,10,18) 

T (2,4,6,8,10,14,18) (12) 

(2,8,12,14,18,20,24,30) (2,3,5,8,9,12,14,15) (18,20,24,30) 

T (2,4,8,10,14,18,20,24) (12,30) 

T (2,6,8,12,14,18,20,24) (30) 
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5. Appendix 



In this appendix, we first give the Borel presentations of the integral cohomology rings of 
El IT (I = 6, 7, 8) in terms of the rings of invariants of the Weyl groups W(Ei). Then we relate 
these results to the Schubert presentations obtained by Duan-Zhao ( IfTOl ). 

5.1. Borel presentation of H*(Ei/T; Z). As mentioned in El we derive H*(Ei/T; Z) directly 
from the ring of invariants of the Weyl group W(Ei). The notation used here is the same as in 

First we recall the ring of invariants of the Weyl group W(Ei) in ll25l §5], [|26l §2], and JZH 
§2] (see also ESI 2.1, 2.2, 2.3]). Putting 

Xi = 2ti-t {\ <i <6) (.1 = 6), 
(5 1) Xi = 2ti-t{\ <i<l) and = t (/ = 7), 

2 2 
Xi = 2ti - -t{l <i< 8) and xc, = --t (l = 8), 

we see easily that the sets 

56 = [xi + Xj (1 <i <j < 6), t - Xi, -t - Xi (1 < z < 6)} (/ = 6), 
Sj = {Xi + Xj, -Xi - Xj (l<i<j< 8)} (/ = 7), 

58 = {+ (Xi - Xj) (l<i<j< 9), ± (Xi + Xj + xt)(l<i<j<k< 9)} (I = 8) 

are invariant under the action of W(Ei) (I = 6, 7, 8) respectively. Then we form the W(Ei)- 
invariant polynomials 

The invariant polynomials /„ are computed by the formula: 

In = 2Z(")*'*"- + (6 - 2"'')Sn + 2(-l)" Yj \2jf"-^j^^' = 
In = (16 - 2")5'„ + ^1 . ji'/i'n-; for fl CVCU (1 = 1), 

In = j]h(-i)"~'sis„.i + 2 . y~'s,, - fhr- 

(=0 ^ ' ^ i=0^^' 

+\^^\]\ -j^i^j^n-i-j for n even (/ = 8), 

where s„ = x'l + - • (/ = 6), 5„ = x" + hJCg (/ = 7), s„ = x'l + — hx'^ (I = 8). The power sum 

symmetric polynomials s„ are written as polynomials in J/s, where J,- = e,(jci, . . . , xg) (/ = 6), 
di = ei(xi, ...,X8) (I = 7), di = ei(x\, . . . ,x<)) (I = %) by use of the Newton formula: 

n-l 

(5.3) Sn = Y}.-\y-'Sn-idi + (-If-'ndn. 

i=\ 
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(5.2) 



^i^n—i 



Moreover, using (15.11) . we have 

" (6 



i=0 
n 



(5.4) 



dn 
dn 



i=0 
n 



e :: -el:;', 



+ 



1=0 

8-/ 
n i 



-1') 



I'd (/ = 8). 



By using (|5.2|) . (I5.3|) . and (|5.4I) . /„ can be written as polynomials in t and C2, 
next lemma is proved in Il25ll . Il26ll . and ETI (see also IfTSlD . 



, , c;. Then the 



Lemma 5.1 ( [|25l . Lemma 5.2, [|26ll . Lemma 2.1, [|2T]| . Lemma 2.6). T/ze rmgi' of invariants of 
the Weyl group W(Ei) (/ = 6, 7, 8) w/f/z rational coefficients are respectively given as follows: 



H*(BT 
H*(BT 
H*{BT 



))^(^«) = Q[/2,/5,/6,/8,/9,/l2], 

>)™ = Q[/2,4,/8,/io,/l2,/l4,/l8], 
y^WiEs) ^ Q[;^^ j^^^ j^^^ j^^^ j^^^ ;^^-|_ 



Hence, by Theorem 12. 21 the rational cohomology rings of Ei/T (/ = 6, 7, 8) are 

H*(Ee/T;Q) = H*{BT;Q)/iH^{BT;Q)^^'^'^) 

= Q[tut2, teMih, hJe, h, h, hi), 
H*(Et/T;Q) = H*{BT;q)/(H*{BT;q)^^'^'^) 

= Q[ti,t2, . . . , t-i^lih, h, h, ho. In, Ih, hs), 
H*{E^/T; Q) = H*(BT; q)/(H^(BT; Q)'^^^*)) 

= Q[t\,t2, . . . , ts]/(l2, h. In, lu, hs, ho, I24, ho). 

Then, by fl^, Theorem 2.1], the integral relations pj are determined by the maximal integers nj 
in 

nj-pj = Ij mod (pfj < j). 

These integers are given by 



E(, E-i E^ 



n2 = -2^ • 3 


712 = -2^ • 3 


7l2 = 


= -2= 


•3 • 


5 




^5 = -2^ ■ 3 • 5 


716 = 2l« ■ 32 


7l8 = 


= 215. 


32. 


5 




716 = 2'^ • 32 


718 = 2" -3 -5 


7112 


= 21^ 


•34 


■5 • 


7 


718 =212.3-5 


7110 = 214 . 32 • 5 ■ 7 


7114 


= 220 


•32 


•52 


•7-11 


719 = 2" • 33 -7 


7112 = -21^ ■ 34 • 5 


"18 


= 226 


•34 


•52 


•7-13 


7112 = -2'^ ■ 34 ■ 5 


7114 = 21^ -3 - 7 • 11-29 


«20 


= 227 


•32 


•52 


• 11 ■ 17 -41 




7118 = 222 . 33 . 1229 


"24 


= 2^2 


•33 


■5 • 


7 ■ 11 • 19 ■ 199 






mo 


= 2^7 


■34 


■55 


•7- 11 • 13-61 
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5.2. Schubert presentation of H*(Ei/T;Z). For the determination of A(E/), it is enough to 
give a minimal system of generators of H*{Ei/T;Z) that consists of Schubert classes as we 
did in §13. 4[ However, it would be desirable to write down the relations explicitly among these 
Schubert classes, and give the presentation of H*(E[/T;Z) in terms of Schubert classes. Re- 
cently, one such presentation has been obtained by Duan-Zhao [ |T0| in a different manner. In 
this subsection, we compare the generators and the relations in Theorems 13. 1113.31 and 13. 51 with 
those given in IfTOll . 

Following Duan-Zhao IfTOll . we set 

3^3 = -2542, J4 = -26542 {I = 6,7, 8), 
(5.5) 3^5 = -276542, J9 = -^154376542 = 7, 8). 

ye = -Zl36542, yiO = -Zl654376542, JlS = -Z542316543876542 Q = 8). 

In [fTOl . the fundamental weights {a>i}i<i<i (I = 6, 7, 8) are regarded as elements of H'^(Ei/T; Z) (/ = 
6, 7, 8) via the isomorphism c : H^iBT; Z) — > H^iE,/T; Z). Therefore Z; = coi (1 < / < /) (/ = 
6,7,8) and t = co2 'm their notation. 

Then Duan-Zhao obtained the following description of the integral cohomology ring of E(,/T: 

Theorem 5.2 (Duan-Zhao [HOl, Theorem 3). 

H*{E(,/T; Z) = Z[a)i, ...,a)6, y3,y4]/(.r2, r^, n, rs, r^, rg, rg, rn), 

where 

r2 = At^ - C2, rs = ly^ + It" - C3, = 3y4 + t"^ - C4, 

rs = if-y^, - tC4 + C5, re = - tcs + 2c6, 

rg = 3^4 - 2c5y3 - t^ce + t^Cs, rg = lysCe - t^c^, r^ =yl- cl- 

Then, by Theorems 13. 1[ 15.21 Proposition 13. 9[ and (15.51) . the correspondence is given as fol- 
lows: 

Proposition 5.3. 

3^3 = 73 - r\ ^4 = 74 - r"*; 

ri = -p2, r3 = -pa, ^4 = -p4, rg = -pj + tp4, r^ = pe - tps, 
r^=p^- lysps + At^p6 + ''Vs, = -pg, ri2 = P12 + J4P8 + y3P9 - 2c6P6. 
Likeweise, their description of the integral cohomology ring of E-i/T is given as follows: 
Theorem 5.4 (Duan-Zhao [SOl, Theorem 4). 

H*(Ej/T; Z) = Z[a)i, ...,0)7, J3, 3^4, y5,y9]/(r2, r^, r4, rs, re, rg, rg, rio, r^, ri4, rig), 

w/zere 

ri = At^ - C2, r3 = 2^3 -I- 2?^ - C3, r4 = 3j4 + - 
r5 = 2^5 - It^y^ + tC4 -cs, r(, = y] - tCs + 2ce, 
''8 = 3^4 -I- lysys - ly^cs + Itci - t^Ce + ^^5, 
rg = 23;g -I- 23;43;5 - ly^ce - t^Cj + t^Cf,, rio = yl - ly^Ci + t^Ci, 
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r\i =yl- 4j5C7 - - ly^y^ - 2y^y^y^ + Ity^Cf, + 3ty4,ci + C5C7, 

ri8 = 3^9 + 23;5C6C7 - ^4^7 - 2yAy5y9 + SjsJs - 5tylci. 
By Theorems 13 .31 15 .41 Proposition l3.10l and (15.51) . the correspondence is given as follows: 
Proposition 5.5. 

J3 = 73 - t^, y4=74- t'^, ys = 75, J9 = 79 - 7475 + t'^Ts 

ri = -P2, = -P3, '"4 = -P4, /"s = -P5 + ^P4, = pe - tps, 
r^=pg- ly^ps + Afpe + Pp5, rg = -pg, rio = Pio, 

= Pl2 + y4P8 + y3P9 - 2C6P6 + C7P5, ^14 = P14 + yspg + 2y4PiQ, 

rm = P18 + y4Pi4 + (3^4 + 2y3y5 - 5tci)pio + iy4y5 - y9)P9 + (-2c7y3 + ?^C7)p8 
+ (-12/'C73;4-24/'%)P6. 
For the case of Eg/T, they gave the following presentation: 
Theorem 5.6 (Duan-Zhao Ml, Theorem 5). 

H*(Es/T; Z) = Z[coi, . . . ,cos,y3,y4, y5,y6, y9, ym, yis] 

/ (^2, f3, f4, fs, f6, f^, f9, f \0, f 12, f \4, f 15) f IS, ^20, ^14, 1'3o), 

where 

r2 = 4a»2 - C2, = 2^3 + 20^2 - C3, r4 = 3^4 + CO2- C4, 

= 2y5 - 2<x)\yj, + a»2C4 - C5, rg = 5^6 + 2^3 + 10a»2j5 - '^0^205 - Ce, 

rg = 3c8 - 3yl - 2y3y5 + 2yi,C5 - 2co2Cj + cojcf, - colcs, 

= 2^9 + 23;43;5 - 23;33;6 - 4aj2j3j5 + ^^^2^8 - cojcj + io\c(^, 

rm = 3jio - 2yl - 2y^cn - 3j4y6 + 3y4C6 - 6a;2j4y5 - ^^2^8 + ^\ci, 

r\2 L2=o = 3^4 - 2C4C8 - C5C7 + 306^6 + c\y(, + 03^3, 
I 2 2 

14 1(^2=0 = ^^7 + QJlO - C3C8 - 04^4^6) 
/"IS L2=0 = 2ji5 + CsJio + 5C7C8 - C8y3j4 " 2C3C5C7 + C^Cf^yf, + 2c5y4);6 - C3y3j6 + Qj33'4 + ^3^4' 
^^18 L2=0 =y\- 6^10^8 - 4j9y6y3 + 4y9j5y4 + 5j8y4j3 + 3'?y4 " 3y7y43'3 + 5^6 + ^Jgjg + 10y6y5j4y3 

+ j6y4 + ^y5y\y\, 

rio L2=o = (yw + 4>'4>'6 - ^5 + 2y3j4)^ - y8(6ysy9 + 3y4yg - y^yi + l^yly^ + 83^3), 
'"24 L2=o = 5(3^3 + 23;6)'* - 3^8(5^7^9 + 5^8 - 4j3y53'8 + 23;33;7 + 2Qy]y(, + 103'3y43'6 + 183;33'43;5 + 43;^3;4), 
r^Q L2=o = (3^3 + 2^6)^ + {yw + 43;6y4 - 3^5 + 2^43^3)^ + (yi5 + ^10^5 + y9yl + 23;8y7 - 43;7y53'3 + 53'63'3 
+ 2y63'53'4 + 23;53'4y3 + 3;4y3)^ + y?,iy\5yi + 8yi53;4y3 - 9yio3'8y4 - lOjioJeJs - 4^10^4 " ^JioJs 

+ y9yiyl + ^y9y5yl + 83'93'43'3 - 23'83'6 - 3^83^3 + 44^83^7 + '^ysyeysy^ - ^9ysy]y4 + '^y^ysy] 

+ 253;73;5y3 - 5y73;63;3 + 10y73;6j5y4 - 12j73'5y43'3 " '^'^yiyly^, - 1 0^63^4 + 5^63^5 + 12j53'4j3 

+ 33'53'43'3 + >'43'3 + 43'43'3)- 

By Theorems I3.5[|5.6[ Proposition [TTTJ and (15.51) . the correspondence is given as follows: 
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Proposition 5.7. 

J3 = 73 - t^, 3^4 = 74 - t"^, y5 = 75, ye = 76 - t75 + t^74, 

3^9 = 79 - 2yl - 47376 - 7475 + K-674 + Scg - 47375) + t\-4cj + I47374) + Pi-2yl + Uy^) 

yio = -710 + 75 - 27374 - 47476 + 2ty^ + t\2yl + 475) - At^'y^ + 2t'\ 

y\5 = 7i5 + 107679 - 275710 + 57376 - 7376 + 47379 + 2747576 + 3737475 mod {0)2). 

References 

[1] I. N. Bernstein, I. M. Gelfand and S. I. Gelfand, Schubert cells and the cohomology of the spaces G/P, L.M.S. 

Lecture Notes vol. 69 Cambridge Univ. Press, 1982, 115-140. 
[2] A. Borel, Sur la cohomologie des espaces fibres principaux et des espaces homogenes de groupes de Lie 

compacts, Ann. of Math. 57 (1953), 115-207. 
[3] A. Borel, Kdhlerian coset spaces of semi-simple Lie groups, Proc. Nat. Acad. Sci. USA 40 (1954), 1147- 

1151. 

[4] A. Borel, A. Borel, Linear Algebraic Groups, second ed., Grad. Texts in Math., vol. 126, Springer- Verlag, 
New York, 1991. 

[5] N. Bourbaki, Groupes et Algebre de Lie IV - VI, Masson, Paris, 1981. 

[6] M. Brion, Equivariant cohomology and equivariant intersection theory. Representation theories and alge- 
braic geometry (Montreal, PQ, 1997), 1-37, NATO Adv. Sci. Inst. Ser. C Math. Phys. Sci., 514, Kluwer Acad. 
Publ., Dordrecht, 1998. 

[7] C. Chevalley, Surles decomposition cellulaires des espaces GIB, Algebraic Groups and their Generalizations: 
Classical Methods (W. Haboush, ed.), Proc. Sympos. Pure Math., vol. 56, Part 1, Amer Math. Soc, 1994, 
1-23. 

[8] M. Demazure, Invariants symetriques entiers des groupes de Weyl et torsion. Invent. Math. 21 (1973), 287- 
301. 

[9] H. Duan, Multiplicative rule of Schubert classes. Invent. Math. 159 (2005), 407^36. 

[10] H. Duan and X. Zhao, The integral cohomology of a complete flag manifold G/T, arXiv:math. AT/08012444. 

[11] H. Duan and X. Zhao, The cohomology of simple Lie groups, arXiv:math.AT/071 12541. 

[12] W. Fulton, Intersection theory, Ergebnisse der Mathematik und ihrer Grenzgebiete, Springer- Verlag, 1998, 

[13] A. Grothendieck, Torsion homologique et sections rationnelles. Expose 5 in Anneaux de Chow et applica- 
tions, Seminaire C. Chevalley, 1958, Multigraphie, Secretariat Mathematique, Paris. 

[14] J. Humphreys, Reflection groups and Coxeter groups, Cambridge Studies in Advanced Mathematics 29, 
Cambridge Univ. Press, Cambridge, 1990. 

[15] V. Kac, Torsion in cohomology of compact Lie groups and Chow rings of reductive algebraic groups. Invent. 
Math. 80(1985), 69-79. 

[16] R. Marlin, Anneaux de Chow des groupes algebriques SO(«), Spin(n), G2 et F4, Publications Math. d'Orsay, 
N° 95-7419(1974). 

[17] R. Marlin, Anneaux de Chow des groupes algebriques SU(n), Sp(n), SO(n), Spin(«), G2, F4; torsion, C. R. 

Acad. Sci. Paris Ser A 279 (1974), 1 19-122. 
[18] M. L. Mehta, Basic sets of invariant polynomials for flnite reflection groups. Communications in Algebra 16 

(1988), 1083-1098. 

[19] M. Nakagawa, The integral cohomology ring ofEj/T, J. Math. Kyoto Univ. 41 (2001), 303-321. 
[20] M. Nakagawa, A description based on Schubert classes of cohomology of flag manifolds. Fund. Math. 199 
(2008), 273-293. 

[21] M. Nakagawa, The integral cohomology ring ofEa/T^ -Ej, arXiv:math. AT/091 1.4793. 
[22] M. Nakagawa, The integral cohomology ring ofEs/T, Proc. Japan Acad. Ser. A Math. Sci. 86 (2010), no. 3, 
64-68 

[23] P. Pragacz, Multiplying Schubert classes. Topics in Cohomological Studies of Algebraic Varieties, 163-174, 

Trends in Math., Birkhauser Verlag Basel, 2005. 
[24] H. Toda, On the cohomology ring of some homogeneous spaces, J. Math. Kyoto Univ. 15 (1975), 185-199. 

22 



[25] H. Toda and T. Watanabe, The integral cohomology ring ofF4/T and Ef,/T, J. Math. Kyoto Univ. 14 (1974), 
257-286. 

[26] T. Watanabe, The integral cohomology ring of the symmetric space EVII, J. Math. Kyoto Univ. 15 (1975), 
363-385. 

[27] N. Yagita, Algebraic cobordism of simply connected Lie groups. Math. Proc. Camb. Phil. Soc. 139 (2005), 
243-260. 

Department of Applied Mathematics 
FuKUOKA University 
FuKUOKA 814-0180, Japan 

E-mail address: kaj i@math . sci . fukuoka-u .ac.jp 

Department of General Education 
Kagawa National College of Technology 
Takamatsu 761-8058, Japan 

E-mail address: nakagawa®t . kagawa-nct .ac.jp 



23 



